Introduction
Consider a parabolic Cauchy problem and of (1.2), the situation is entirely different: when f is uniformly negative, u(x, t) has compact support whenever uo(x) has compact support. The object of this paper is to study properties of the support.
In Section 2 we study the variational inequality (1.3), (1.2) when uo is any finite measure. Existence and uniqueness are proved.
In Sections 3-6 it is assumed that f is bounded and is uniformly negative.
In Section 3 we show that if uo(x) has compact support then u(x, t) has compact support. An analogous result for elliptic variational inequalities was proved earlier by Br6zis [2] (and then generalized by Redheffer [6] ).
In Sections 4 and 5 we study the behavior of the support S(t) of the function x u(x, t). In Section 4 we consider the case where uo is any function in L(R") with compact support S S(0); thus uo is not required to vanish on OS.
It is proved that, for all small times t,
S(t) S + B(c[tllog tl] '/2)
where + denotes the vector sum, B(p)= {x: Ixl < p), and c is a positive constant. This result is shown to be sharp.
In Section 5 we assume that Uo(X) vanishes together with its first derivatives on c3S. We then prove that s(t) = s + B(C /t) for some positive constant C.
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In Section 6 we consider the case where Uo(X) does not have compact support, but Uo(X) 0 as Ixl --, oo. We prove that S(t) is a compact set for any > 0.
Thus in sharp contrast with the case of (1.1), the support "shrinks" instantaneously.
Existence and uniqueness
Consider the parabolic variational inequality (2.1) (u,-Au)(v u) >f(v u) a.e. (xR",0 < < T)
for any measurable function v, v > 0, (2.2) u > 0 (xR",0 < < T), (2.3) u(x, o) Uo(X) (x "). Let/ be any positive number and introduce the norm IglL,.,n.) e-PUlllg(x)lP dx for any p > 1. If I#l,o) < oo then we say that g L p' U(R"). We let where C(6) a constant independent of R. Indeed, we write down (2.17) for u2i, where {,} is a suitable partition of unity for Qn, and sum over i; then, using (2.16), we obtain (2.17) with a constant independent of R (cf. [1] , [5] 
where C is a constant independent of R. From (2.9), (2.12) we then also have (2.20) [e-Ulxl Au(x, t)[ p dx <_ C if 6 < < T, with another constant C, independent of R.
We extend the definition of u ug, into R"x[0, T] in such a way that (2.19 
By Theorem 2.1, the variational inequality (3.1)-(3.3) has a unique solution u(x, t) in R"x(0, oo) (satisfying (2.8) for any 0 < 6 < T < o). The object of the remaining part of this paper is to study the support of u. We shall henceforth need the condition: w(x, t) M-v(t 1) (x R , < < To).
Observe that w > 0 if <_ < To, w(x, To) 0, and w-Aw + fl(w)= -v ifxR", < < To.
We can apply the maximum principle to w uR,, in the strip < < To, We can now apply the maximum principle to w-uR,, and conclude that w-UR,, > Oifp < Ixl < R, 0 < < To. In particular, UR,(x,t) 0 ifRo < [xl <_ R, 0 <_ <_ To.
Taking R , e 0 the assertion of the theorem follows.
We conclude this section with a standard comparison lemma that will be needed in the following sections. On the other hand w + (., t) 0 in L 2' "(R") as 0. We conclude that w and thus u < fi a.e. as R"x(O, T). We shall denote by S(t) the support of the function x --, u(x, t), and write S S(0), i.e., S is the support of the measure Uo (S is a closed set). Lw wt(x t) 2s(t)(B + C log + C)-Ds(t)= 3Ds(t) log t.
Region III. -s(t) < x < +s(t) where w(x, t) t) v(, t) d. Thus
In the three regions we conclude that ILw] <_ 3Ds(t)]log l. Xo + 2V(Xo), /6ntllog < 2 < 0.
The conclusion of the theorem follows.
Remark. The proof of Theorem 4.1 applies also in cases where c3S is not in C 1" for instance in case S is a convex set.
Let S be a closed set in R". Suppose for any x t3S there exists a cone Vx with vertex x and with opening r and height h independent of x such that Vx S; then we say that S satisfies the uniform cone property.
In the next theorem we derive a lower bound on S(t). 
Representing z in terms of the fundamental solution and using (6.1), we find that for any T > 0, (6.5) z(x,t)Oiflx]-oo, uniformly int, 0 < t_< T.
Since z > 0, we can verify that the function z satisfies (2.1) with f 0. Noting thatf _> f, we can apply Lemma 3.3 to conclude that z > u. But then (6.4) is a consequence of (6.5) .
Let r/be any small positive number. By (6.4) , there is an R > 0 sufficiently large such that (6.6) u(x, t) < q if Ixl > R, 0 < < T.
We shall estimate u(x, t) more precisely in a region (6.7) [x[ > R, 0 < < to where to is a sufficiently small positive number. --2 n 1 ((r) t)dp'(r) > -(r > R, 0 < < (r)).
Since the last inequality is linear in t, it suffices to verify it at (r) and 0, i.e., We shall now construct a function satisfying (6.8), (6.9), (6.11), and (6.12). Since Uo(X) 0 Clearly is a smooth function and (r) 0 as r + ; we are going to see that for q small enough, it is possible to choose p in such a way that satisfies (6.8), (6.9), (6.11), and (6.12).
Since b(R) _> p, the conditions (6.13) imply (6.8).
We have, for Ixl > R, p > 2x/q and to < Uo(X) " ------P and therefore (6.13) also implies (6.9 
